Three models of surface stress on a rectangular cantilever beam are presented. The surface stress is modelled as a corresponding concentrated moment at the beam free end, a corresponding concentrated moment plus a corresponding concentrated axial load at the beam free end, and a corresponding uniformly distributed axial stress plus bending moment per unit length along the beam span, respectively. The results of the three models are compared under three different loading scenarios. We also present an analysis of the error source, when using Stoney's formula to predict the surface stress, by comparing the kinematic and loading assumptions of the three models. The surface stress effects on structure deflection are usually modelled as bending moments applied at structure free edge(s)/end(s). Modelling the surface stress effect along the beam neutral axis is presented and compared with modelling its effect at free edge(s)/end(s). The stiffening effect of tensile surface stress is also studied.
Introduction
The sources of surface stress can be the surface reconstruction [1] , or the interactions between a surface and adsorbates [2] [3] [4] [5] [6] , or the interactions between a surface and its ambient environment [7, 8] etc. In the size domain of microelectromechanical systems (MEMS), surface stresses scale linearly with dimension [9, 10] and surface to volume ratio increases as microstructure scale decreases [11] . For these reasons, surface stress can be overwhelming and very important in microstructures. Surface stress can induce selfassembly [9] or be induced by self-assembly [5] . Surface stress changes of DNA hybridization and receptor-ligand binding induce the differential deflection of the cantilever sensor, which can be used for a molecular recognition mechanism [6] . Surface stress has been studied extensively and Stoney's formula [12] serves as a cornerstone for curvature based analysis and a technique for the measurement of surface stress [13] [14] [15] . The very essence of Stoney's formula is to assume a uniform curvature for the whole deflected structure and make a linear analysis of small deflection. For structures under larger deflection or 'thick' film/coating on the substrate, Stoney's formula does not agree well with the experimental data [16, 17] .
Klein [16] and Freund et al [17] provided revised forms of Stoney's formula by considering the effects of the ratio of the Young's modulus/thickness of the film/coating to the substrate's Young's modulus/thickness. Using linear analysis, both Klein and Freund et al conclude that Stoney's formula holds for the structure with a large ratio of substrate thickness to film/coating thickness, i.e. 'thin' film case. Although they point out that the kinematic assumption of uniform curvature for the nonlinear analysis of film large deflection is quite extreme and they also illustrate its limitation, Freund et al [17] still use uniform curvature as the kinematic assumption. The problem of uniform curvature is solved by enforcing the system's potential energy to be stationary for equilibrium. In this paper, there is no such kinematic assumption of uniform curvature. We also demonstrate under what modelling conditions, the uniform curvature kinematic assumption is valid for the cantilever beam structure. Another characteristic of Stoney's formula is to model the surface stress as a moment applied at the structure's free end. Sader [18] concludes that the application of a differential surface stress on the plate is equivalent to the loading of the free edges by the corresponding moment per unit length. Godin et al [19] and Miyatani and Fujihira [20] measure surface stress by comparing the deflections of the cantilever beam due to the concentrated transverse load and the moment at the cantilever free end, respectively. All these analyses that model the surface stress as a moment applied at the structure's free edge(s)/end(s) do not take into account the influence of the surface stress on structure stiffness. It is also impossible to use these models to explain the local bending mode due to surface stress [21] .
This paper aims to offer a modelling analysis that explains the disagreement between the experimental data and theoretical prediction of Stoney's formula reported by Klein and Freund et al [16, 17] . Also, model #3 in this paper can explain the local bending phenomenon reported by Liu et al [21] if we model the surface stress distribution as a local stressor [21] . In MEMS structures, the surface stress or stress gradient is computed by measuring the curvature or displacement of the structure rather than measuring it directly [19, 20, 22] . In this paper, it is quite clear that we show that under different modelling of surface stress influence on the structure, the structure generates different restoring forces by deflecting/deforming differently to counteract the surface stress to achieve the equilibrium. Three models on the surface stress effects are examined and compared in this paper. We demonstrate that the stiffening effect of tensile surface stress becomes very important when the magnitude of the surface stress is relatively large. Therefore, the modelling analysis will be very important for evaluating surface stresses/stress gradients in the (MEMS) structure.
Model development
In figure 1 (a), the beam tip is under a uniformly distributed loading, σ . Its unit is Newton/metre, not pascal and σ > 0 is tensile. For historical reasons, we call σ the surface stress. This surface stress effect is modelled as a concentrated moment M applied at the cantilever beam's free end. Thus, the governing equation of the beam deflection for this model (model #1): is as follows:
and the boundary conditions are given as
Here E * is the biaxial modulus [16, 17, 23] . E * is defined as
Poisson's ratio, y the beam deflection and I the area moment of inertia. For a rectangular beam, I = wt 3 /12, w and t are the beam width and thickness, respectively, M is the concentrated moment defined as M = σ wt/2. Equation (1) is solved by using integration and boundary conditions as follows:
For linear analysis of small deflection, the curvature κ of the deflected beam is approximated as d 2 y/dx 2 . So for model #1, the curvature κ and the radius of curvature R are given as
The equation above is the modified Stoney's formula (in the original Stoney's formula, E * is substituted by E) [20] . In this case, we assume surface stress exists only on the beam's upper surface, for the sake of clarity and simplicity. For more general cases, σ is substituted by differential surface stress σ = σ + − σ − . σ + and σ − are surface stresses on the upper and lower surfaces, respectively. Also, this substitution does not affect any derivation for linear analysis. Clearly, the modelling of the surface stress effect as a concentrated moment at the cantilever beam's free end guarantees that the beam curvature is uniform (constant).
Model #2 is shown in figure 1(b) . The surface stress effect is modelled as a corresponding concentrated bending moment M plus a corresponding concentrated axial load P at the beam's free end. M is also defined as M = σ wt/2 and P = σ w. P > 0 is tensile. For reasons of simplicity and brevity, we omit the derivation of the governing equation and its boundary conditions for this model, and directly give the governing equation as
and boundary conditions as
Here, L is the beam length.
To non-dimensionalize equations (5) and (6), the following dimensionless variables are introduced:
Equations (5) and (6) are now non-dimensionalized as
and the boundary conditions are
Here ( ) = d/dξ , β = P /E * I and α = t/L. Equation (5) is the Euler-Bernoulli beam model, which ignores the shear force effect on the beam deflection. α is thus prescribed as a small number, which physically means that the model is only valid for thin beams. Equation (7) can also be solved by integration and using boundary conditions. The solution is given as
The curvature of Y is given as
Clearly, from this equation, the curvature is not a constant along the beam span in model #2.
Equations (3) and (4) of model #1 are also nondimensionalized as
and
For model #3, there is an area stress s uniformly distributed on the upper surface of the beam. The unit of s is pascal.
We model this as a uniformly distributed axial stress sw along the beam's neutral axis and a uniformly distributed bending moment m along the beam. m is defined as m = swt/2. For this model, it is not that easy to obtain the governing equation as for the previous two. The principle of virtual work (PVW) is used here to derive the governing equation and its boundary conditions. The elastic bending energy of the beam is given as
The external work done by the uniformly distributed moment m and sw is
(14) By applying PVW, δ(V − W ) = 0, the governing equation and boundary conditions are derived as
It can be seen that these boundary conditions are quite different from the boundary conditions of model #2 in equation (6) . Freund et al [17] incorporate the mismatch strain due to the surface stress into the film's elastic potential energy, which is physically equivalent to adding a uniformly distributed load sw and bending moment m into the elastic system. In reality, model #3 models the real surface stress effect better. Here, sw and m are uniformly distributed along the whole beam. By adjusting the distribution of sw and m, model #3 is able to provide an explanation for the local bending mode reported by Liu et al [21] . The two equations above are also non-dimensionalized as
Because the variable ξ appears in equation (17), its analytical solution will be very difficult to obtain, if not impossible. The numerical method, the shooting method for two point boundary value problems [24] is applied here to solve equation (17) with its boundary conditions. In order to compare these three models, we define that s, σ , P , m and M have the following relations
Results and discussions
For the Euler-Bernoulli beam model, in all the three cases shown here, α is set to be a small number, 0.05. Figure 2 shows the deflections computed by these three models at a small load of βL = 0.1. There is almost no difference between models #1 and #2. The stiffening effect due to the tensile load P in model #2 is not obvious for this small loading scenario. The reason for the smaller deflection computed by model #3 is that for models #1 and #2, the surface stress is modelled as a concentrated moment at the beam's free end, which maximizes the surface stress bending effect, while for model #3, the bending moment is uniformly distributed along the beam span. Figure 3 shows the curvatures (Y ) computed by these three models at βL = 0.1. It also shows that there is almost no difference between models #1 and #2, whereas for model #3, the curvature of model #3 starts at the same point as that of model #1, and then decreases linearly to zero. In linear analysis, the curvature is directly related to the bending moment. For model #3, the bending contribution of axial stress (sw) to the cantilever's fixed end, which is L 0 (swy/2) dx, is ignored. This is reflected in the external work expression in equation (14) . To keep this axial stress bending moment contribution, L 0 (swy/2) dx, equation (15) will become an integral equation. For small deflection y, this contribution is very small compared with mL. Therefore, the bending moment at the beam's fixed end of model #3 is the same as that of model #1. This is the reason why the curvature of model #3 has the same starting point as that of model #1 at the beam's fixed end. The third boundary condition in equation (16) requires the curvature of model #3 to be zero at the beam's tip. Figure 4 shows the comparison of the deflections computed by the three models for the βL = 1 case. Now the deflection of model #2 is obviously smaller than that of model #1. This is due to the stiffening effect of the tensile force P at the beam's free end. This tensile force's stiffening effect is also reflected in the frequency domain [25] . Figure 5 shows the curvature comparison of the three models at βL = 1. Clearly, the curvature of model #2 starts below that of model #1 at the beam's fixed end and ends at the same value at the beam tip. For model #1, the bending moment at the beam's fixed end is M, while for model #2, the bending moment is M − P . = y(L) is the beam tip's deflection. That is why the curvature of model #2 starts at a lower value, and the third boundary condition in equation (6) enforces the curvature of model #2 to end with the same value as that of model #1. Figure 6 shows the comparison of the deflections computed by the three models for the case βL = 4. Clearly, the deflection of model #3 is larger than that of model #2. As mentioned above, model #2 has the advantage of maximizing the bending effect over model #1 by modelling a concentrated moment at the beam's free end. The reason why model #3 has a larger deflection than that of model #2 lies in the fact that uniformly distributed tensile axial loads (sw) and tensile concentrated axial loads (P ) have quite different stiffening effects on the structure. For a cantilever beam structure, as Timoshenko [26] demonstrates (approximately), the effect on the frequency of uniformly distributed tensile forces is the same as if 7 20 of the sum of these forces are applied at the end of the beam. A tensile concentrated axial load has a much larger stiffening effect than a uniformly distributed tensile axial load. Figure 7 shows the curvature comparison of the three models at βL = 4. Clearly the curvature difference at the beam's fixed end between model #2 and models #1 and #3 enlarges because the beam tip deflection increases under this larger loading scenario.
Conclusion
The Euler-Bernoulli beam model is used to analyse the small deflection due to the surface stresses. Three different models of the surface stress effects are presented. As shown, modelling the surface stress effect only as a corresponding concentrated moment at the beam tip, the deflection of the beam is an arc of a circle, which has a uniform curvature. For the other two models, the deflection curvature cannot be maintained a constant. Modelling the surface effect only as a concentrated moment at the beam's free end ignores the stiffening effect of the tensile surface stress and overestimates the beam's deflection. Thus, the curvature of the beam is also overestimated. The stiffening effects of uniformly distributed tensile axial load and concentrated tensile load are also compared. Stoney' formula becomes less accurate as the stiffening effect increases. 
